I. INTRODUCTION
The development of the optical frequency comb as a referenced light source has increased the precision in many metrology applications. The accurate and stable frequency reference provides advantages in many fundamental experiments 1,2 while parallelly being used in applications ranging from improving the accuracy of astronomical spectrographs 3, 4 as well as the detection of molecular markers in human breath. 5 Another advantage that the optical frequency comb laser source offers is the extraordinary phase stability between the pulses of the laser. This has been exploited in length metrology by implementing a new generation of techniques and achieving very high accuracies. The techniques range from using the ultra-stable inter-pulse distance of the source, 6, 7 frequency modulation based measurements, 8 multiheterodyne measurements, 9 time of flight measurements, 10 and spectral interferometry. 11, 12 Spectral interferometry using the large spectral bandwidth of the frequency comb, where the illumination can be considered to be made up of thousands of stable lasers makes possible real time monitoring of optical lengths. The Virtually Imaged Phased Array (VIPA) was the first spectrometer to experimentally demonstrate resolved frequency comb spectra 13, 14 but soon other techniques mainly based on Fourier transform spectroscopy, like the dual comb spectroscopy 15 or regular FTIR spectroscopy 16 took over. The VIPA spectrometer has the advantage of a compact setup, on the detector side with no moving parts and simple electronics. 13, 17, 18 The VIPA spectrometers were initially developed to work with the Ti:Sapphire oscillator-based (Ti:Sapph) frequency combs which had repetition rates larger than 1 GHz. These laser sources, which were also the first to be converted to frequency combs were excellent in coherence a) Electronic mail: smradeksm@gmail.com.
properties but they were large and more difficult to maintain for long term stability. The resolution of the VIPA was sufficient for separating the individual spectral modes of the frequency comb, supporting a massively parallel homodyne interferometry method for the Ti:Sapph based combs. 18 A new generation of frequency combs based on Erbium or Ytterbium doped fibers 19, 20 were soon developed which were compact, stable, and easily transportable. The repetition rates of these lasers were sub-GHz, mostly being in hundreds of MHz and the VIPA spectrometer was no longer so effective in resolving the laser modes of these new frequency combs. This is a serious drawback since these compact combs can be easily transported for field measurements, sent on satellites and used in hazardous environments. The combination with a compact non-moving spectrometer would be very useful for field and industrial applications. In this paper, we report the development of an external filter cavity 19, 21, 22 which increases the mode spacing of the fiber based combs such that a VIPA spectrometer can resolve them for applications in long distance measurement. The cavity has been used to increase the mode spacing of an Er-doped fiber based frequency comb with a repetition rate of 100 MHz to 1 GHz, well beyond the resolution limit, 680 MHz, of the VIPA spectrometer. Using this setup, the advantages of massively parallel homodyne interferometry can be exploited for applications in outdoor distance measurements.
II. EXPERIMENTAL SETUP
The principle of the method developed is based on the simple idea of the multiplication of initial repetition frequency of a femtosecond mode-locked laser or an optical comb. The frequency of each comb line can be described by the following basic relation:
where f 0 is the offset frequency representing the phase delays inside the initial comb cavity and f rep is the repetition frequency of the laser. The multiplication of the repetition frequency f rep can be done by an external cavity with two mirrors in Fabry-Perot configuration only under some restrictions. The first restriction concerns the free spectral range (FSR) of the Fabry-Perot cavity ∆ν FSR that should be the multiple of the initial comb repetition frequency,
Here, for ∆ν FSR 23 in plano-concave configuration and mirror distance L cav we have
In the above relation, n air is the refractive index of air between mirrors and δ is the coefficient representing the chromatic dispersion on the cavity mirrors. The second restriction is on the phase delay during the round trip in the cavity. In an optically dispersive cavity, chromatic dispersion will cause different wavelengths to acquire different phase delays in the cavity. The chromatic dispersion delay has two components, the delay on the mirrors τ m (the phase delay δ) and the delay in the medium, in this case, air between mirrors (τ air ). We aimed to control these two restrictions in this design. The schematic of the complete experimental setup is shown in Fig. 1 . The source laser is a Er-doped femtosecond laser with repetition frequency of 100 MHz working at the wavelength range from 1500 to 1600 nm and consists of free space infra-red optical high power output of ∼100 mW. For our experiments, the free space output was collimated via a 200 mm focal length lens and directed using a pair of silver mirrors to the in-coupler of a single-mode fiber. The output from the collimator at the fiber exit was further focused by a mode-matching cavity lens onto the Fabry-Perot cavity (FPC). The FPC design consists of silver mirrors on stainless steel rods of a commercially available cage system and precision mirror mounts for coarse FSR alignment. The piezoelectric transducer (PZT) has been used for fine adjustment of FSR to the femtosecond frequency comb repetition frequency and to compensate the temperature and environmental drifts of the cavity. The output of the femtosecond laser beam from the cavity was split by 50/50 on a non-polarized prism to a control part and an output analysis part. The control part includes a photodetector (PD) and servo-loop electronics to control the voltage of the PZT to be able to lock the FPC length to the frequency comb mode resonance. The output analysis part measures the efficiency of the initial frequency comb repetition frequency multiplication process. The analysis of the FPC output signal consists of two independent optical systems separated by the steering silver mirror that switched between two optical paths. The first one analyzed the beat note frequency RF spectrum among the passing comb modes with the fast photodetector FPD and RF spectrum analyzer. The second one consisted of the optical setup where the beam is focused with the slit and cylindrical lens onto the input window of the Virtually Imaged Phased Array (VIPA) and the diffraction grating where the frequency comb modes were separated and expanded spatially on the infrared 2D matrix IR CCD camera. The intensity spectral pattern captured by IR CCD camera was saved, postprocessed, and analyzed.
III. CAVITY DESIGN
The key part of the setup has been the design of the cavity, its mechanical components, and the voltage control of the mirror position by the PZT. The frequency comb laser has an initial repetition frequency of 100 MHz. Our goal was to increase the repetition frequency of the laser. The repetition frequency of 1 GHz has been chosen for the 10th multiple of the initial frequency. The resulting mode-spacing is large enough to be resolved by the VIPA and can still be determined by the fast photodiode. This choice left us with enough power for practical applications since the FPC of 1 GHz FSR would theoretically lead to a decrease to 1/10th of the initial optical power.
A. Mechanical setup
The construction of the repetition frequency multiplying FPC with FSR of 1 GHz was based on standard 30 mm and 60 mm cage holder stainless steel rod systems from Thorlabs Inc. and several mirror holders of 30 mm and 60 mm with 3D positioning systems enabling the rotation of the angle and the coarse position of the mirrors in the cavity. One mirror was set into an aluminum cylindrical holder with PZT for fine mirror position. The PZT material was Ferroperm Pz27 cylindrical tube with an outer diameter of 20.5 mm, inner diameter of 18.5 mm and the length of 14 mm. The electrical connection was supplied with electrodes on the tube walls which could provide ±280 V, to enable tube length displacement of up to more than a half-wavelength of the central wavelength of the frequency comb laser. At first, the cavity was aligned using a visible laser source: a tunable helium-neon laser working at 632.8 nm. This was an advantage when using the silver mirror cavity due to a wide wavelength range used in the visible and the infrared parts of the spectrum. The second step of alignment was done by using a very narrow tunable laser working at 1540 nm (ORION laser module) with <3 kHz linewidth. This laser was aligned and locked to the TEM 00 mode of the Fabry-Perot cavity by the first derivative technique using the ramp length modulation of the piezoceramic transducers on the flat mirror holder.
The frequency comb laser light in the wavelength range of 1500-1600 nm is subsequently injected into the same setup. The laser light entering the cavity is delivered via an infrared collimator and the single-mode fiber. Because the cavity was already aligned for the 1540 nm single mode laser, it only needs to be precisely moved to the position where it matches the condition in Eq. (2). The exact length was roughly determined by a simple ruler but for more exact positioning, we added CXYZ1/M-XYZ Translation Mount and the lock was achieved with help of the PZT tube and the loop in the controller. Fig. 2 shows the design of the cavity.
The cavity was set up based on the input beam parameters. The cavity configuration was plano-concave. This was chosen in order to keep the input modes from degenerating inside the cavity. The input mirror M 1 was flat and the output mirror M 2 was set to 150 mm from the first one and had radius of curvature of 800 mm. The laser modes were mode matched to the cavity 23 with a lens pair, with focal lengths of 200 mm and 150 mm, placed in front of the input mirror. The beam waist at the input mirror was 390 µm. Errors in beam focal lengths caused by the difference in refractivity of glass of mode-matching lenses made from BK7 glass for 1500 nm and 1600 nm was around 3 · 10 −3 . The corresponding relative difference in the beam waist radius for both wavelengths was negligible 4 · 10 −6 . The diameter of mirror apertures has been chosen to 12.3 mm which is larger than the exiting beam diameter based on Gaussian beam theory. The cavity has been constructed at the Institute of Scientific Instruments (ISI) from the standard Thorlabs parts with the aim of ease of transportability.
B. Influence of ambient environmental changes on the cavity
The cavity between the mirrors is filled with the ambient air and the cavity was covered with the polystyrene box to block surrounding air flow and sudden turbulence in the air flow. Using Bönsch and Potulski's updated Edlen's equation of refractive index of air, 24 we estimated the influence of the environmental parameters on the refractive index of air for the wavelength range 1500-1600 nm. The temperature variation in the room was between 19
• C and 22
• C leading to the temperature variation component being 1.1 · 10 −6 K −1 , where the difference of refractive index of air for two extreme wavelengths is −9 · 10 −8 . A relatively large humidity variation from 10% to 90% gives only a refractive index variation of 2 · 10 −7 . The weather data show that pressure variation over a week under relatively stable condition is less than 15 hPa, this corresponds to relative change of refractive index of air of 3 · 10 −7 . Thus the cavity is most sensitive to temperature variations of the refractive index of air. The temperature in the laboratory can be easily controlled, usually under laboratory conditions it has not varied more than 1
• C, thus the relative variation of the cavity of 10 −6 is quite realistic. The cavity length was 150 mm, thus the temperature variation of the air in the cavity corresponds to the 150 nm length variation of the cavity.
Stainless steel rods (stainless steel type 303) were used in the cavity construction 
The cavity was designed and constructed such that the temperature dependent length changes of the PZT holder (PZT) and PZT tube transducer as shown in Fig. 2 , are in opposite direction and the total contribution subtract as seen in Table I . The PZT tube was 10 times shorter than the total cavity length thus the total contribution to the cavity length changes is of the order of the temperature variation of air and under the order of the variation of the stainless steel rods (rods). The thermal expansion coefficient of the pair of fused silica mirror substrates (m. subst.) of total thickness of 10 mm is 5.5 · 10 −7 m −1 K −1 and this yields to total length change of 5.5 nm with 1 K temperature variations. Thus the potential length change of the cavity should be compensated. In our setup, the PZT transducer lock worked as the cavity length compensator within the range of applied voltage up to ±280 V or 1.333 µm that is according to our previous calculation sufficient for up to 0.5 K temperature changes of air. Thus the cavity needs to be relocked in case of larger changes of temperature.
C. Cavity mirrors
Another aspect taken into consideration in the cavity design was the mirror quality and the intra-cavity loss and dispersion. The goal was to minimize the intra-cavity loss, loss on the mirror substrates, the dispersion and group velocity delay of the beam during round-trips in the cavity. To lock the cavity to the frequency comb the factors that effect the dispersion inside the cavity due to the refractive index of air with a value above −9 · 10 −8 . The model for refractive index of standard air (dry air at 15
• C, 101 345 Pa and 450 pm CO 2 content) at 1560 nm based on the Sellmeier equation and Ciddor's data 25 results in:
• refractive index of air-n air = 1.00027325.
• Chromatic dispersion-dn air /dλ = −8.1320·10 −7 µm −1 .
• Group velocity dispersion-GVD = 1.0734 fs From the last relation, it can be seen that the 100 nm wide spectrum from the laser in the 0.15 m long cavity leads to a dispersion of 12.5 fs for the light pulse in the cavity in one round trip. The total dispersion of the pulse depends also on the finesse of the cavity and thus the number of roundtrips in the cavity. For a finesse value F of around 200, it can lead up to 2.5 ps of pulse dispersion. For considering the complete traversal of the femtosecond pulse through the cavity, we must take the single pass through each mirror substrate into account. The typical fused silica mirror has its GVD = −300 fs 2 cm −1 at central wavelength of 1560 nm, this corresponds to 20 ps/(nm km). Hence if the spectrum is 100 nm wide and the total thickness of the mirror substrates is 1 cm, the estimated pulse delay will be 20 fs.
The material of the mirrors plays the crucial role in the design of the cavity. The typical dielectric mirrors for broadband application have about 100 fs 2 (low dispersion mirrors <30 fs 2 ), thus the delay for the 100 nm broad spectrum from 1500 nm to 1600 nm is below 1 fs and thus leads to a total delay of 200 fs for a typical pulse in the cavity. The comparison of different types of mirror materials and their contribution to the total pulse delay in the cavity is shown in Table II .
The dielectric mirrors usually consist of several dielectric layers of several µm thicknesses. These mirrors enable different penetration depths for various optical wavelengths. 26 In contrast, metal mirrors have very low dispersion and almost no group velocity dispersion 27 because they consist of a single layer. We chose silver mirrors because of good reflectivity compared to gold within wide optical band. The critical parameters in the metal cavity mirrors are their optical properties in visible and infrared optical spectra hence the wavelength dependent transmission through the metal layer. Based on Beer-Lambert's law, the penetration depth of the incident light perpendicular to the surface is indirectly proportional to the absorption coefficient α of the material. The intensity of the electric field I 0 decreases exponentially with α, i.e., I = I 0 · exp(−α). Another limiting factor is the lowest achievable homogeneous metal layer. According to models based on experimental data sets and the Brendel-Bormann model, 28, 29 we can estimate that the real part of the refractive index of silver n Ag and its imaginary part k Ag corresponding to the absorption in the material varies fromñ Ag = n Ag + i · k Ag = 0.39008 + i · 9.7154 toñ Ag = 0.42980 + i · 10.380. Here the imaginary part k Ag controls the optical field penetration into the metal and the real part is responsible for the phase delay of the electric field. The penetration depth 1/α is dependent on the wavelength.
Based on Fresnel's equation, the calculation for the 40 nm thick silver coating on fused silica for a 1540 nm light source yields a theoretical reflection value of 97.07%, a transmission of 0.86% and an absorption of 2.07%. 29 The thickness of the fused silica was 50 mm. All values can vary about 0.1% within the wavelength range between 1500 nm and 1600 nm. The resulting cavity finesse is approximately 166. 23 To decrease the effects of thermal expansion, the cavity mirror's layers were made on fused silica substrates of 12.3 mm diameter. The mirrors were coated homogeneously by the deposition technique on the RF magnetron sputtering 30 with silver over the 11 mm diameter of each substrate. We used silver target with 99.95% purity and 150 mm in diameter. A working gas of argon was used under the deposition pressure of 0.24 Pa with forward RF power of 150 W at 13.56 MHz. The coating thickness was measured by Talystep profilometer as (40.2 ± 0.9) nm.
D. Cavity length control
The control electronics used for the cavity length control are shown in Fig. 3 . The control electronics for locking the cavity length to the repetition frequency of FPC used the derivative spectroscopy detection. The signal zero intersection corresponded to the transmitted mode resonance. The intensity of optical signal detected by the photodetector (PD), converted by analog-to-digital converter (ADC) and input into the servoloop after the intensity signal was mixed synchronously with 1 kHz digital signal generated on the direct digital synthesizer (DDS). Thus we directly generated the digitised error signal in the waveform that represents the first derivative of the optical intensity. The servo-loop proportional integral derivative (PID) controller provides the calculation of the appropriate value for the displacement of the PZT actuator. This value is converted by the digital-to-analog converter 1 (DAC1) with non-inverted and digital-to-analog converter 2 (DAC2) with inverted polarity to analog voltage representations. The output voltage from DAC1 and DAC2 are amplified by two high-voltage amplifiers HVA1 and HVA2, which drive the bipolar PZT actuator in the bridge setup. Finally the PZT actuator was driven by the 1 kHz sinusoidal voltage thereby modulating the length of the cavity. Signal conditioning was necessary to achieve the sufficient displacement of the cavity length by PZT actuator and to avoid a possible damage of PZT if the absolute maximum value of applied voltage was exceeded. 
IV. RESULTS
The main goal in the construction of the Fabry-Perot cavity was to maintain the cavity mirror distance fixed to the desired transmission mode and fulfill Eq. (2), as discussed in Section III. Because we have chosen commercial mirror holders based on standard materials, the coarse position of mirrors was found manually with the precision kinematic mounts and the long-term length stability of the FPC was controlled by PZT transducer control loop. The search for the resonant modes has been done with full PZT displacement. Each of high voltage amplifiers HVA1 and HVA2 had maximal output lift up to ±140 V so the PZT actuator can be driven up to ±280 V (or 560 V peak-to-peak). Taking into account the measured sensitivity of PZT has been 3.96 nm/V the maximal lift corresponds to ∼2200 nm displacement of the FPC.
A. Transmission spectrum of the cavity
To study the transmission spectrum of the cavity, the first step was to couple the narrow tunable laser diode working at 1540 nm (ORION laser module) to the FC/APC fiber input and hence directly to the collimator in front of the mode-matching lenses and the cavity. The position of the cavity mirrors and the mode-matching lenses were found using Eq. (2) and coarse mechanical alignment. The cavity was aligned and locked to the TEM 00 mode of the laser by the first derivative technique using the ramp length modulation of the piezo-ceramic transducers on the flat mirror holder. The alignment for TEM 00 mode is represented by the PZT voltage-intensity plot shown in Fig. 4 . Subsequently the optical frequency comb laser working in the range from 1500 nm to 1600 nm was directed to the fiber collimator as shown in Fig. 1 . The light from the laser comb passed through the same single mode fiber onto the same fiber collimator as the single mode laser (ORION laser module). Because the cavity was already aligned for the 1540 nm single mode laser, it only needed to be precisely positioned to the position where it matched the condition in Eq. (2) . The record of the scan of FPC length with the frequency comb laser is shown in Fig. 4 predicts one comb mode for the displacement ∆L,
where λ c is the central wavelength of the comb. We observed 30 comb lines in the cavity that corresponded to 2315 nm in our measurement and 2340 nm according to theoretical models in Eq. (4), with a reliability of 1%. Therefore the cavity was well aligned to TEM 00 mode.
B. Beat-note frequency spectrum
The effectiveness of repetition frequency multiplication has been measured by two separate methods. The first method was the direct measurement with the commercially available infra-red fast photodiode FPD310, MenloSystems GmbH working in the range 10-1000 MHz. The beat-note frequency spectrum has been recorded with RF spectrum analyzer Rigol DSA1030. The measurement has been done with and without the external FPC. For this measurement, auxiliary silver mirrors were added in the direct cavity filter light represented by the dashed line in Fig. 1 . Comparison between the initial comb spectrum and filtered external FPC spectrum is shown in the Fig. 5 . We have intentionally chosen the highest resolution bandwidth and similar video bandwidth and cutoff the DC part of the spectra. The initial RF spectra, Fig. 5 (left), were attenuated by 30 dB. It should be noted that the photodiode FPD310 cannot measure beat frequencies beyond the 1.4 GHz limit, thus this method cannot confirm the higher harmonics of the signal. The measurement showed that the method was effective generating 1 GHz signal from the initial 100 MHz repeated spectrum.
C. VIPA spectrometer
In addition to the measurements using the fast photodiode, a second method for studying the effect of the external cavity filtering on spectral data was used. Here, we used the Virtually Imaged Phased Array (VIPA) spectrometer. 13 The VIPA owes its name to the existence of multiple virtual sources contributing to a wavelength dependent transmission in certain directions. 17 It acts, similar to grating, as an angular The entrance side has a reflection coefficient of R 1 = 99.5% and the output side has a reflection coefficient of R 2 = 96%. A small entrance window is left uncoated on the entrance side of the VIPA etalon to allow for incoupling of laser light as can be seen in Fig. 6 . A grating was used as post-disperser (Spectrogon UK, G1100 31 × 50 × 10 NIR, 1100 lines/mm). The FSR of the VIPA depends on the etalon thickness and the incidence angle of the light. The incidence angle is usually very low (≈0), thus we can write
where t is the thickness and n e the refractive index of the etalon. 17 After being dispersed by the etalon and the grating, the light is imaged on an infra-red camera (XenICs XEVA-FPA-1.7-640) using a lens.
The full spectrum is contained in adjacent lines representing one FSR of 50 GHz each. With a resolution of 680 MHz, the mode spacing of the frequency comb without cavity filtering cannot be resolved. When applying cavity filtering, the mode spacing gets stretched to 1 GHz, i.e., well within the resolution limits of the spectrometer. This enables long distance measurements. 18 The VIPA was calibrated using a single-mode laser, the ORION module, which emits light seen as single spot reappearing on the vertical spectral line after one VIPA FSR. Thus an absolute wavelength comparison as well as the length of the FSR in pixels can be determined. Fig. 7 (left figure) represents the VIPA image for optical frequency comb without external cavity filtering. As we can see the VIPA's FSR resolution of 680 MHz is not enough to distinguish between two adjacent modes of the optical frequency comb.
A clear distinction between the lasing modes of the cavityfiltered frequency comb can be made as seen in Fig. 7 (right  figure) , which was impossible prior to the application of the filter. The mode spacing was measured to be (980 ± 40) MHz and was obtained by counting the peak numbers per line. The error arises from the uncertainty of determining the FSR on the camera. The results of the VIPA measurement matched those obtained by the fast photodiode.
V. CONCLUSION
In this work, we presented the filtering of the repetition frequency of the 100 MHz infrared optical frequency comb by external Fabry-Perot cavity for application in long distance measurements. We designed the cavity based on the thin layer silver mirrors and the commercially available optical holder system. By using two methods, we have verified that the resulting repetition frequency increased to 1 GHz making it feasible to use for field measurements along with fiber based compact frequency combs.
